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The theory and calibration procedure for a cylindrical falling body viscometer is pre- 
sented. 

Experimental viscosity data are given for liquid methane from -150°C. to the critical 
point and for liquid propane from -185" to +90°C. The maximum experimental error for 
methane data is &8y0 and for propane data &5%. 

A literature survey shows that there 
are very few data on viscosities of nor- 
mally gaseous hydrocarbons in the liquid 
phase above their normal boiling points. 
Data which are available have been 
obtained over limited ranges of temper- 
ature and pressure. Furthermore there 
has been no attempt made t o  consolidate 
the viscosity data for any hydrocarbon 
over the complete liquid re,' vion. 

The data presented here range from 
from the normal boiling point to  the 
critical point of the hydrocarbon tested. 
In addition, through calibration pro- 
cedures, the data are consolidated with 
those of the American Petroleum Insti- 
tute (8), which are given from the freezing 
point to the normal boiling point. The 
end result is a consistent set of viscosity 
data for methane and propane which 
extend over their entire liquid region. 

The data which are presented here 
were obtained on the apparatus des- 
cribed by Swift, et d. (11). 
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Fig. 1. Viscometer constant vs. temperature. 

effect of the geometry of the falling If a cylindrical body with hemi- 
body on the resistive force, is defined for spherical ends is used for the falling 
any falling body having three axes of body, i t  is possible to  derive a formula 
symmetry. relating the viscosity to other physical 

THEORY AND EXPERIMENTAL 
APPLICATION 

The theoretical basis for determining 
viscosity by the falling-body method 
comes from the work of Stokes ( lo) ,  who 
solved the classical equations of hydro- 
dynamics for the resistive force W ,  
opposing the uniform motion of a sphere 
through an infinite, viscous medium. 
Stokes's equation is 

W = 3n dup (1) 
Rayleigh (7)  pointed out that the assump- 
tions leading to  Equation (1) were valid 
only when the Reynolds number was 
less than unity. Barr ( 1 )  proposed that 
Equation (1) be modificd by a shape 
factor, such that 

W = 3n d v p / b  

The shape factor, a measure of the 
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TABLE 1. DESCRIPTION OF FALLING BODIES 

Body number MM285 MM300 MM308 
Description Hollow cylinder with hemispherical ends; one 

end of cylinder drilled to  equalize pressure on 
inner and outer surfaces of cylinder. 

Methyl methacrylate with stainless steel collar Materials of construction 

Nominal diameter, in. 0.285 0.300 0.308 
Maximum taper, in. *o. 001 f O .  001 f O  ,001 
Length, in. 3 5/16 3 1/16 3 1/16 
Density, g./cc. 0.234 0.309 0.237 
Total volume, cc. 3 .73  3 .83  4 .07  
Void volume, cc. 3 .13  2.96 3 .34  

MG303B Body number lMG303A AL303 
Description Solid Hollow cylinder with 

Cylinder hemispherical ends 

Materials of construction Magnesium Aluminum Magnesium 
50528 alloy 

Nominal diameter, in. 0.303 0.303 0.303 
Maximum taper, in. 
Length, in 2.00 1 .70  1.70 
Density, g./cc. 1.775 1.051 0.538 

&O ,003-0.005 in. on each cylinder. 
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properties which can be measured with 
comparative ease. 

The volume of such a body is 

a d' 
2 v = -- (h /2  + d / 3 )  (3) 

When one assumes that the body is 
moving under the acceleration of gravity, 
the apparent force on the body in the 
downward direction is 

If the body is falling a t  constant 
velocity, the apparent downward force 
may be equated to the resistive force: 

When one solves for thc viscosity, 

Before Equation (6) is applied in 
experimental work, it is necessary to  
consider the assumptions made to com- 
plete its derivation: 

1. An Infinite Medium 

The use of a finite medium introduces 
two experimental errors, the end effect 
and the wall effect. Barr ( 1 )  treated the 
subject of the end effect and found that 
it could be neglected in finite systems if 
the velocity of fall was measured a t  a 
point removed several body lengths from 
the end of the containing vessel, He aIso 
presented several theoretical derivations 
in which the correction for wall effect 
was treated as a function of the diameter 
~f the containing vessel and the diameter 
of the falling body. If the wall-effect 
correction is defined as $(D, d) ,  the 
equation for the resistive force is then 

As the ratio of d / D  approaches unity, 
the average velocity of the fluid passing 
the falling body u is no longer equal t o  
the velocity of the falling body s/O. 
These velocities are related, however, by 
the continuity equation 

The viscosity in a falling-body viscom- 
eter, where 0.5 < d/D < 1, is 
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Fig. 3. Temperature correlation factor VS. temperature. 

2 . a > e  

The derivation implies that the density 
of the fluid is less than the density of 
the body. Rowever the equations are 
equally valid for u < p,  the only dif- 
ference being the reversal of the motion 
of the body. 

3. Terminal Velocify of Fall 

The velocity of the body approaches 
the limiting (terminal) velocity expo- 
nentially. By selecting the point for 

velocity measurement a t  a sufficient 
distance from the initial release point, 
one can eliminate error from this source. 

4. N x s  < 1 

T o  determine the Reynolds number a t  
which laminar flow is terminated for 
falling spheres, Barr (1)  described Castle- 
man's method, that is, plotting the 
ratio of resistance per unit cross sec- 
tion to pv2 against NRs on logarithmic 
coordinates. When data are plotted by 
this method, the Doints fall on a straight 
line as required by Stokes's Law for kR. 
less than 1. Beyond this value of NRe the 
resistance factor f = 8 W/?rdzpv2 decreases 

I I = -  6sd less rapidly with increasing NRs until it 
gS$(D, d) (h /2  + d /3 ) (D2  - d2)>(a - 
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Fig. 4. Temperature corrected resistance 
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becomes independent of viscAosity and 
proportional to pv2. The break point a t  
N R ,  = 1 is the critical Reynolds number 
for viscometry, where d/L)  << 1. 

Hubbard and I3rown (4)  plotted data 
similarly for a rolling-ball viscornetry 
where the ratio of d / D  approached unity, 
and then found that the critical modified 
Reynolds number was twenty. They used 
a modified Reynolds number 

to account for the equivalent diameter 
and the difference between fluid velocity 
and ball velocity. 

Then, for a falling-cylinder viscometer, 
0.5 < d / D  < 1 

5 
I ! ! ! ! ! ! ! I  RUNL-AIR-MMX)~ 1 

I WNM-METHANE-MM 308 
A RW J-METHANE-MM 300 

RUNK-PROPANE-MM 300 

I ,,,- o RUNG-PiiYWii-MM 285 
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function vs. Fig. 5. Resistance function (not corrected for temperature) 
vs. modified Reynolds number. 

can be determined and compensated for 
by considering p = + ( t ,  p ) .  

Since 

Equation (11) may be rewritten 

If p is a function of tcmperaturc, the 
data may be plotted with Equation (14) 
as the resistance factor. I t  is possible t o  
use an alternate form by taking the value 
of /3 at some arbitrary temperature, say 

A plot of the resistance factor [Equation 
(Il)] vs. N E . .  on logarithmir coordinates 
will determine the range of laminar flow 
for a cylindrical falling-body viscometer. 

For precise experimental work Equa- 
tion (9) is written 

= ~ ( g  - p)e  (12) 
where the viscometer calibration con- 
stant is determined experimentally. This 
practice is employed for accurate visco- 
metric work because the physical dimen- 
sions of the apparatus cannot be measured 
with the desired accuracy; the w-all-effect 
correction fi(0, d )  is included in the 
calibration constant; the shape factor is 
included in the calibration constant; and 
the effect of temperature and pressure 
upon the dimensions of the apparatus 

I ! ! I ! ? . ! ! ! '  ' ' " " ' 1 1  ' ' ' ! ! ! U  

I00 

4 g ( D  - d 2 y ( h / 2  + d/3) (a  - -~ p)eZ 
ps2d4 f = --_ 

a t  O T . ,  as was done here and computing 
the ratio K = @/Po) for various tem- 
peratures. Then, substituting p = Kpo 
into Equation (14) gives 

means of six falling bodies, the descrip- 
tions and dimensions of which appear in 
Table 1. 

Densities of the cylinders MG303A, 
AL303, and MG303B were assumed t o  
be constant at :dl temperatures and 
pressures. Any error in this assumption 
was compensated for in the experimental 
calibration constant. The densities of the 
methyl methacrylate cylinders varied 
with the densities of the fluids in which 
they were immersed. The apparent 
densities of these bodies were computed 
from a knowledge of the void volumes 
and total volumes of the bodies. 

At least five, and usually ten, readings 
were obtained for every calibration and 
experimental fall time. The arithmetic 
means of these readings were used for 
computation. 

Calibration of the viscometer for the 
various falling bodies was accomplished 
by determining experimental fall times 
in fluids of known viscositics. The ac- 
cepted values of viscosity and density for 
the calibration substances, methane, 

When the logarithm of the tempera- 
ture-corrected resistance factor is plotted 
against the logarithm of the modified 
Reynolds number, the calibration data 
will be successfully correlated and the 
limits of laminar flow determincd. 

RESULTS 

Experimental data were obtained by 

propane, n-butane, and air, are given in 
the literature (3, 5, 8). The calibration 
procedure was carried out at various 
temperatures and pressures, so that the 
calibration constant might be expressed 
as a function of temperature and pres- 
sure. For any given temperature the 
effect of increasing pressure to 800 lb./sq. 
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TABLE 2. EXPERIMENTAL V~scor 

Substance Temperature, Pressure, 

Methane - 150 350 
- 140 550 
-130 600 
- 120 650 
-110 710 
- 100 710 
- '35 7 10 
- 90 710 
- 85 710 
- 83 2 710 
- 83 2 7 10 
- 83.2 710 
- 80 695 
- 76 685 
- 150 365 
-140 450 
- 130 500 
- 120 525 
-110 600 
- 100 650 
- 95 700 
- 90 700 
- 85 700 
- 83.2 680 

Propar,e -185 50 
- 180 50 
- 170 50 
- 160 50 
- 150 50 
- 140 50 
-130 50 
- 120 50 
- 110 50 
- 100 50 
- 90 50 
- 80 50 
- 70 50 
- 60 50 
- 50 50 
- 40 50 
- 30 50 
- 20 50 
- 10 50 

0 75 + 10 95 + 20 130 + 30 170 + 40 225 + 50 275 + ti0 330 + 70 400 + 80 455 + 90 560 

"C. lb./sq. in, abs. 

in. abs. had no effect on the fall time, an 
indication that moderate pressure did 
not affect either the measured viscosity 
or the physical dimensions of the viscom- 
eter, which is verified by 13ridgeman (2) .  
Plots of the viscometer calibration con- 
stant vs. temperature are presented in 
Figures 1 and 2. 
h plot of K vs. t is presented in Figure 

3. The values of K were computed from 
the most probable values of /3 for the 
various falling bodies. 

A logarithmic plot of 

_ _ ~ _ _ _ _ _  I K ( D  + a2b - d o 2 ]  
d S P p  

IITIES OF METHANE AND PROPANE 

Body N R e ,  Viscosity, Phase 
centipoises 

MM308 20 0.0880 1 
26 0.0734 
37 0.059'3 
47 0.0508 
59 0.0435 
78 0.0357 
86 0.0327 
98 0.0294 

122 0.0251 
88 0.0249 Crit. 

100 0.0232 
115 0.0214 

209 0.0116 

283 0.0768 
362 0.0660 
427 0.0578 
392 0.0589 
490 0.0496 
583 0.0441 
595 0.0421 
681 0.0373 
585 0.0346 Crit. 

118 0.0178 g 

MM300 234 0.0964 1 

MG303A 0.248 7.36 1 
0.484 5.25 
1.58 2.96 
3.53 1.92 
7.13 1.34 

13.3 0.976 
21.5 0.761 
32.6 0.613 
46.4 0.510 
63.8 0.431 

AL303 24.0 0.375 
33.3 0.317 
40.5 0.287 
50.1 0.258, 
63.5 0.228 
77.5 0.206 
94.3 0.186 

113 0.169 
138 0.152 
170 0.136 
196 0.126 
239 0.113 

MG303B 28.2 0.0987 
49.3 0.0845 
71.8 0.0766 

116 0.0646 
170 0.0575 
278 0.0478 
385 0.0427 

vs. N R e ,  (Figure 4) is given using the 
calibration data. This plot shows that 
laminar flow existed in the viscometer 
during all calibration runs. I t  does not 
show the break in the curve that would 
indicate the beginning of turbulent flow. 
There is, however, other evidence which 
indicates the value of N R e ,  where turbu- 
lence begins. This evidence will be cited 
later. 

Figure 5,  which shows the effect of 
plotting the experimental calibration data 
on a modified Castleman plot when the 
temperature correlation factor is not 
used, illustrates the necessity of using a 
temperature-corrected resistance func- 

tion to  determine arcurately the limits 
of laminar flow. 

The experimental viscosities for 
methane and propane arc given in Table 
2 and are shown grapliically in Figurrs 6 
and 7; they were computed by use of 
Equation (12). The valups of the viscom- 
eter calibration constant were deter- 
mined by the statistical method of least 
squares, when one assumed that ,B was 
a straight-line function of trmperature. 
Densities of liqiud methane and propane 
were obtained from the literature (.5, 8). 

Khen turbulence begins in the viscom- 
eter, the fall times become greater than 
would be predicted, thereby giving values 
for viscosity which are too large. The 
deviation of the data on methane 
obtained with MA1300 (Figure 6), start- 
ing at -1140°C. and increasing with 
temperature, illustrates this. This dcvia- 
tion began a t  a modified Reynolds 
number of 285. On this basis the data 
obtained with MM308 should be reliable, 
since the highest experimental NRc, 
attained with this body was 209. Also 
the viscosity of propane a t  80" and 90°C. 
measured with body 1CIG303B would 
not be expected to be so reliable as the 
data obtained at lower N R e '  because of 
the N E E *  of 278 and 385 a t  these two 
temperatures. However, as can be seen 
in Figure 7, these two data points are 
not greatly in error with the data points 
taken at lower NRej. 

The experimental error in determining 
the viscosity data presented is &Isyo 
maximum for propane and =t8% maxi- 
mum for methane. These figures are 
based upon the deviation of calibration 
data from the most probable values and 
the deviation of individual fall times 
from the mean. 

CONCLUSIONS 

The viscosity data for methane and 
propane have been obtained over tem- 
perature ranges where data were not 
previously available. Over temperature 
ranges where data were available the 
results obtained on the apparatus agree 
well with those in the literature. 

By extensive and repeated calibrations 
of the viscometer the level of confidence 
in predicting the most probable value of 
the viscometer constant will be greatly 
improved. Since the greatest experi- 
mental error lics in the determination 
of the viscometer constant, the foregoing 
procedure would greatly reduce the 
present experimental error (+8% for 
methane and &5% for propane). 
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NOTATION 

D = diamctcr of fall tube, cm. 
d = diameter of falling body, cm. 
f = resistance factor, dimensionless 
f‘ = temperature corrected resistance 

g = acceleration of gravity, cm./sw.* 
h = length of cylindrical portion of 

falling body, cm. 
K = temperature correlation factor, 

dimensionless 
Nne = Reynolds number dvp/p, dimen- 

sionless 
NRe,  = modified Reynolds number d%pf 

(D -I- d)Bp, dimensionless 
s = timed interval of distance in 

viscomctm cell, cm. 
t = ternpcrature, “C. 
V = volumc, cc. 
u 
1Y 

factor, dimensionless 

= average velocity of fluid, cm./sec. 
= resistance to motion, dynes 

Greek Letters 

0 = viscometer calibration constant, 

P o  = viscometer calibration constant 

6 = shape factor, dimensionless 
t9 = time, sec. 
p = viscosity, poise 
p 
u 
$ = function, dimensionless 
4 = function, dimensionless 

sq. crnJsec.2 

at OOC., sq. cmJsec.2 

= density of fluid, g./cc. 
= density of falling body, g./cc. 
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